A finite mod 3 homotopy commutative, homotopy associative simply connected H-space has mod 3 cohomology isomorphic to the cohomology of a product of Sp (2)s. This result generalizes to other odd primes.
Introduction
Let p be an odd prime. The question of which p-local Lie groups are homotopy commutative has been studied by many authors [ 14, 11, 141 . At small primes there are very few Lie groups with their loop multiplication that are homotopy commutative. We have:
McGibbon's Theorem (McGibbon [l] where degree x = 3 and .9' is the Steenrod operation.
In this note we generalize McGibbon's theorem to:
Main Theorem. If X is CI jinite homotopy commutative, homotopy associutive simply connected, mod 3 H-space, then H*(X; F3) is isomorphic to the mod 3 cohomology of a product of Sp(2)s as an algebra over the Steenrod algebra.
Our proof is based on homotopy theoretical methods and has the following virtues:
(1) It does not depend on any classification theorem for Lie groups.
(2) The result is independent of the loop space structure of a topological group. (3) These are the absolute minimum assumptions. It is known that if X is a finite H-space localized at an odd prime, one can change its H-structure so that it is homotopy commutative [4] . However, very few of these H-structures that are homotopy commutative retain their homotopy associativity when localized at the prime 3. Thus, by changing the H-structure on a Lie group, one can construct many examples of homotopy commutative 3-local finite H-spaces whose cohomology is not isomorphic to the cohomology of a product of Sp(2)s.
(4) It has been conjectured that for p an odd prime, all p-local finite A,-spaces admit loop space structures [ 121. Our main theorem shows that a 3-local finite homotopy commutative As-space has cohomology isomorphic to that of a loop space.
The paper is divided into five sections. In Section 1 we review the Stasheff and
Milnor constructions of projective spaces [ 15, 131. Given an H-map f : (X, p) + (Y, v) between homotopy associative H-spaces, we construct an A3 obstruction AJ( f) :XA' + SLY which measures whether or not f preserves the homotopy associativity of X and Y.
In Section 2, stable Postnikov systems are constructed having primitive cohomology classes with nontrivial A3 obstruction. The reader may be familiar with the transpotence element [7] . We view such elements as H-maps into Eilenberg-MacLane spaces with nontrivial A3 obstruction. Our assumption that X is a finite mod 3 homotopy commutative, homotopy associative H-space allows us to lift X into these Postnikov systems by H-maps. We use much of the lifting technology developed in [8, 181. In Section 3, the functor CotorH*,X,(F3,F3) is shown to be the natural setting for many of our calculations.
We begin by describing the Cotor construction and functorial properties of CotorA(F3, F3) where A is an algebra over the Steenrod algebra.
Theorem 3.1 becomes the main computational tool to eliminate the existence of generators in degrees not of the form 3,7 or 2 .3J -1.
In Section 4 the same methods used in Section 3 are applied to a 3-stage Postnikov system to eliminate generators in degrees 2(3Jo -1. The 3-stage system comes from a factorization of gp3' through secondary operations [lo] . We conclude with a proof of the Main Theorem.
In Section 5 we generalize the Main Theorem to a result for primes greater than 3.
All spaces will be connected and basepointed. All homotopies will respect basepoint.
In Sections l-4 all coefficients are F3. If Y is a loop space we use the notation BY for its classifying space. So C&BY) = Y. Throughout Sections 1-4, we reserve the symbol X to denote a finite, 3-local, simply connected, homotopy commutative, homotopy associative H-space.
Homotopy associativity of H-spaces and maps
We review some facts about the (1.8)
The vertical maps are part of the cofibration sequences from (1.4). We define
where ir : ZB2 Y --) BBY is the inclusion. J.P. Lin I Journal o/' Pure and Applied Algebra 134 (1999) 
2-Stage Postnikov systems and lifting technology
We construct stable 2-stage Postnikov systems with nontrivial A3 invariants. The key fact is that a 2n-dimensional element in the classifying space that suspends and has cup product cube trivial produces a transpotence element in the loop space with nontrivial As-invariant. Thus, every time the cup product cube factors through primary operations, we produce such a 2-stage system. We then focus on our mod 3 homotopy commutative, homotopy associative finite H-space X. We prove X lifts into these 2-stage systems by H-maps. Homotopy commutativity and associativity are used in a crucial way to obtain H-liftings. Using these facts we can apply the theory of As-obstructions to study H*(X; F3). We have by (1.5)
Throughout this discussion
with 0*(yo)=y'. By (1.6) p,*<uo @ uo c3 uo) = (y'>3 = e*(y;> = 0.
(2.4) By exactness, there is an element 00 with SinC~~~~uo~uo~imd~1-1~~=imx~~~,w~~im~~.Therefore,i~(wo)=vo#O, for va E PH 6"-2(E~). Hence,
In [7] , us is sometimes called a "transpotence element" and denoted by (ps(yo).
Eo can be used to show many other 2-stage systems contain elements with nontrivial As invariant. Let &s denote the Steenrod algebra, and 9' E d(3). Suppose
(2.6) Let 9 : K(2n) -+ n K(2n + deg bi) be defined by g*(i2,,+degb,) = biizn. Then there is a commutative diagram
where (Bu)*(k > = c a&n+deg b, .
If BE is the fibre of Bg there is a commutative diagram of stable 2-stage Postnikov
Looping (2.8) we obtain
Note A3(h) IV * since h is a loop map. We have by (1.19)
A3(uoh)--3(~0)(~~~~~) + (Quo)'43(h) 2/43(UO)(hAhAh).
If h*(uo)=u, h*(uo)=u then of Purr and Applied Alyebrrr 134 (1999) 
Ko The proof is analogous. We give explicit details in Section 4.
We turn to the problem of lifting an H-space X into these Postnikov systems. The following theorem is due to Browder [l] . Let p be any prime. We now give a brief description of power spaces and power maps. The theory of power maps will be used to construct H-liftings into Postnikov systems. Proof. We assume 4 = Q(B#). Hence, 4 is a homomorphism. We indicate multiplication by juxtaposition. Then We remark that all the 2-stage Postnikov systems associated to a factorization of 9'
Definition. We fix
have SZK, in even degrees, and K in odd degrees.
Cotor and some calculations
Let p be any prime. Given a Hopf algebra A over &'(p), we describe the d(p) algebra Cotor,(F,, F,) . H-map. Therefore, because As(f) E IY""(X A X A X), Theorem 2.1 implies
Here OH*(X) is the module of decomposables. where F2/ consists of two fold products of suspension elements. This is a splitting over
(3.8) 1=l
BY (3.5) A&)& = (Q2V)A~(.f)EA3 + a*(x) 8 o*(x)@ o*(x) cy (sZv)(sZj)d + c*(x) @ a*(x)@ a*(x) =(c > ai d + o*(x) @I a*(x) C% a*(x)
by hypothesis ( 3.9) for some w~irn(d@l-1~2 
4). By Theorem 2.3, F is an H-map. By Theorem 3.1, if x E PH6'+'(X),
thenx~x~x=~'(e)+(d~1-1~~)zforsomee~PH*(X)~3.Ifx~im~', there exists a t E PH*(X) with (t,x) = 1 (t, im 9") = 0. Since H*(X) is primitively generated exterior, H* (X) is also exterior and t2 = 0. So
l=(t@t@t,x@x@x)=(t@ttt,@(e)+(d@l-l@d)(z)) = (twcw,(Lk

-@d)(z))
= (t2 @c t -t @ t2,z) = 0.
This is a contradiction so x=@y (3.14)
for y E PH 6'+3(X). Note we may assume y is primitive because y is certainly indecomposable and x -9'~ is odd degree primitive decomposable, hence zero. Now c?"+~ = .?'.Y3'+' and g3'+' y E PH'8Pf7(X) = 0 by choice of L. Let t EPH 6/+7(X) be dual to x, (t,x) = 1. Then (tp', y) = 1 and (tP'P',z) = 1.
Let r C H*(X) be the subHopf algebra generated by t,t9",tP'.!P'. Since P'9'
9' = 0, we have r is a subHopf algebra over the algebra generated by P' . We have an extension of Hopf algebras since H*(X) is commutative and associative
F3~r--tH*(X)~H*(X)//T~F~. (3.17)
Dually, there is an epimorphism of Hopf algebras But the only possible element in the correct degree is s(r~(y)~(sn(z))).
So this is a contradiction and PH6'+7(X) = 0 for / > 0. 0
Theorem 3.3. 9' : PH3(X) + PH7(X) is an isomorphism.
Proof. 9' = 9'Y3 and p3PH7(X) = 0 by Theorem 3.2. Let x E PH7(X). By Theorem 3.1 applied to the 2-stage system associated to 9" = .Y1P3, we have
x@x@xxE1(PH*(X)@3)+im(d@1 -1@6).
This implies x = 9'~. So 9' : PH3(X) -+ PH7(X) is onto. To see this suppose x = 9"~' + Y3y2 + Y4y3 for Y' E PH~/-~(X), y2 E pH6'-9(X),
~3 E PH6'-'3(X).
By choice of /, 93PH6'-9(X)=0 so p3y2 =O. Hence, x = .@y, + yy3.
Since X is 2-connected, e > 2. If G >2, then by Theorem 3. By Theorem 3.1
x@x@x~9'~(PH*(X)~~)+im(d@l -l@d). (3.25)
By (3.21) there is a primitive t with (t,x) = 1 (&imp2 + imp3 + imy') = 0.
Hence,
1=(t@tttt,x@x@x)=(t@tttt,~4e+(Li~l -l@d)z) = ((t @ t @ t)Y',e) + (t2 @t -t @ t2,z)
=o because t2 = 0 and 0 = tP2 = tP3 = tP4. This is a contradiction. We conclude PH6'+3(X) = 0 for G > 0. 0 Corollary 3.5. 9' acts trivially on PH*(X) above degree 3. where C& 1, ~~ are secondary cohomology operations.
Proof. PH*(X) is concentrated in odd degrees
If x is an odd primitive, it is also an indecomposable. So if 9""~ # 0 it is primitive indecomposable, because it lies in odd degree.
Let x E PH*(X) and suppose by induction that above degree 3, Y'PH*(X) = = 931m'PH*(X) =O. We h;ve piPH*(X)=O by Theorem 2.1. By (3.26)
k-l ,/p3kx = p, f#-,(x) + c cY3'$,(x).
/=O
If Y3'x# 0 it is indecomposable, so 4f(x) must be indecomposable for some /. But since Y"PH*(X) = 0 above degree 3, Y3'QH*(X) = 0 above degree 3. We conclude .Y3'x = 0. By induction all Steenrod operations vanish on PH*(X) above degree 3. Further, by Theorem 3.3, the only Steenrod operation that acts nontrivially on PH3(X) is 9'. Now if n # 3j, then there are Adem relations 9" = C aibi for ai, b; E .d(3).
If x E PH2+'(X)
for n >4, then b;x = 0. By Theorem 3. I
XC$X@XE
Cai(PH*(X)~')+~~(d~l-l~d).
This implies x lies in the image of Steenrod operations. But since all Steenrod operations vanish above degree 3, we conclude PH*+'(X) = 0 for n # 3j. 0
MZ.st-t(X) = 0
In this section we eliminate all generators in degrees 2 3k -1. Then Theorems 3.6 and 3.3 imply H*(X) is isomorphic to the cohomology of a product of Sp (2)s. This will complete the proof of the main theorem.
Recall that Liulevicius Liu proved for k >O, 9'31 factors through secondary operations. One way of writing this is (4.1)
In [lo] the factorization of 9 0 3' has primary operations followed by secondary. But since the primary operations have /Ji, Y', . . . , @-' as factors we obtain (4.1).
The secondary operations &, 4-i are defined on cohomology classes in the kernel of fi,,.Y')..., 9-'. This implies there is a tertiary operation that can be used to construct an element with nonzero A3 obstruction. We provide the details here. The main idea is as follows. Let Ea be the 2-stage system with k-invariants PI, P', . . . , 83Am'. Then in H*(Eo) there exist stable elements OF, d= ~ l,O, 1,. . . , k -1 corresponding to the secondary operations $J/, / = -l,O,. . . , k -1. Let Ei be the 3-stage system with kinvariants vi, e = -1, 0, 1, . . . , k -1. Then there will be an element v E PH2. 3' ' ' p2(Ei ) with .43(v) = u 8 u 8 U. 
Construction of BEQ
Construction of El
Let BK{ = n:zi K(2. 3kf' -4.3') 
Bg, : BE0 --f BK( be defined by 
/=O
We have a 3-stage system described below (4.8)
HI
Eo -
K;
For the remainder of the section k will be the smallest positive integer such that PH2'31-'(X)#0.
By a sequence of arguments we will prove PH2'31-'(X)=0. of' Purr and Applied Aiqehru 134 (1999) 133-162 Let n E PH2 -3k-1(X). Then all Steenrod operations vanish on x, by Theorem 3.6. Here A is isomorphic to the cohomology of a product of
Sp (2) Choose t gPH*(_f) with (t,?) = 1. We have t'=O since H*(X) is commutative. Since I? is not in the image of any Steenrod operations by (4.1 l), we may choose t so that lc t, iln83' + irnfi, =o. (xl,. . . ,x,, #"xl,. . . , Ylx,,,) ~#~rre deg x, = 3.
Generalization to all odd primes
There is a generalization of the Main Theorem to primes greater than 3 (Theorem 5.4). The main hypothesis needed is the existence of a power map \t/ :X +X that is an A,_, map. Then we can use this power map to produce A,_, liftings into our Postnikov systems. These A,_, liftings can be used to study elements with nonzero A,, obstruction such as the transpotence element mod p. We leave many of the details to the reader. Many of the basic properties of Ak-spaces are described in [S, 151. 
